We present several classes of new 6d string theories which arise via branes at orbifold singularities. They have compact moduli spaces, associated with tensor multiplets, given by Weyl alcoves of non-Abelian groups. We discuss T-duality and Matrix model applications upon compactification.
Introduction
It was recently pointed out in [1] that new 6d theories, which include stringy excitations but without gravity, can be obtained in the world-volume of five-branes by taking g s → 0 with M s held fixed. Four different classes were obtained in [1] :
(iia) Theories with N = (1, 1) supersymmetry, which are obtained in type IIB five-branes or, alternatively [2] , via type IIA with a C 2 /Γ G ALE singularity 1 .
(iib) Theories with N = (2, 0) supersymmetry, which are obtained in the world-volume of type IIA (or M-theory) five branes or, alternatively [2] , via type IIB with a C 2 /Γ G singularity.
(o) Theories with N = (1, 0) supersymmetry in the world-volume of SO(32) heterotic small-instantons or type I five-branes.
(e) Theories with N = (1, 0) supersymmetry in the world-volume of E 8 small instantons.
The (o) theory has a global SO(32) symmetry and the (e) theory has a global E 8 × E 8 symmetry.
The infrared limit of these theories, with energies small compared to M s , appear to be local quantum field theories. In the (iib) and (e) cases these are non-trivial, interacting, RG fixed points, while the (iia) and (o) cases are IR free. Despite their different IR behavior, upon compactification to five-dimensions on a circle, T duality exchanges the (iia) ↔ (iib) and (o) ↔ (e) theories. Thus the full theories are not local quantum field theories [1] .
In this paper, we discuss new 6d N = (1, 0) theories associated with type II or heterotic five-branes at orbifold singularities in the orthogonal four dimensions. As in [1] , we take g s → 0 with M s fixed. The fact that new theories could be thus obtained was also mentioned during the course of this work in a footnote in [3] . It was there pointed out that one could have a general, Ricci-flat, non-compact manifold M 4 in the remaining four directions, giving theories which, in principle, could depend on the uncountably infinite parameters needed to specify M 4 . However, as in [4] , we expect most of these parameters are irrelevant in the g s → 0 and that only the C 2 /Γ G singularity type matters. Clearly the singularity itself can not be ignored; indeed, it breaks the supersymmetry of the (iia) or (iib) theories to N = (1, 0) supersymmetry. 1 We label Γ G ⊂ SU (2) using the well-known correspondence with the simply-laced groups
The 6d string theories which we present have compact "Coulomb branches," associated with expectation values the scalar components of 6d N = (1, 0) tensor multiplets, which are the "Coxeter boxes" (also referred to as the "Weyl alcove") of non-Abelian groups. For any group G of rank r, the Coxeter box is a compact subspace of R r given by all Φ ∈ R r which satisfy
where α µ are the simple roots, including the extended root µ = 0, with r µ=0 n µ α µ = 0 (n µ are the Dynkin indices). The µ = 0 conditions in (1.1) give the non-compact Weyl chamber R r /W G , where W G is the Weyl-group. Including the µ = 0 condition gives the We will simply note some basic features of the new 6d string theories, saving a more detailed analysis for further study. In the next section, we discuss theories associated with type IIB NS five-branes at orbifold singularities. The tensor multiplet moduli live on the Coxeter box of the simply laced group G associated with the singularity. In sect. 3 we discuss theories associated with SO(32) heterotic or type I branes at orbifold singularities.
In these examples, the tensor multiplet moduli can live in the Coxeter box of a non-simplylaced subgroup of G. In sect. 4, we discuss theories associated with E 8 × E 8 branes at orbifold singularities. In sect. 5, we discuss T duality upon compactification. Finally, in sect. 6, we discuss applications of the theories to providing a definition of M theory on
2. Type IIB branes at a C 2 /Γ G orbifold singularity
For our first class of examples, consider K parallel type IIB NS five-branes at a C 2 /Γ G orbifold singularity in the transverse directions. Having five-branes but no ALE singularity would lead to a (iia) theory of [1] . Having the ALE singularity but no five-branes would lead to a (iib) theory of [1] . Putting the two situations together leads to new N = (1, 0) string theories, whose field theory infra-red limit was discussed in [5] .
As discussed in [5] , the N = (1, 0) theory has gauge group
with matter multiplets in the representations 1 2 ⊕ µν a µν ( µ , ν ). In addition, there are r ≡ rank G hyper-multiplets and tensor multiplets (which would give r N = (2, 0) matter multiplets for the theory with no five-branes). r of the U (1) factors in (2.1) have charged matter and are thus anomalous in 6d. As in [6, 7] , this means that these U (1) factors are spontaneously broken; they pair with the r hyper-multiplets mentioned above to get a mass. The massless, unbroken gauge group is thus cancelation appear as Fayet-Iliopoulos terms in these constraints [6] ; these are the ALE blowing-up modes, which enter as background parameters in the 6d theory.
Taking g s → 0 with M s fixed, the tensor multiplet moduli space is the Coxeter box (1.1) of the corresponding ADE group G. This can be seen starting from the (iib) theory associated with the ALE space and no branes.
Using results found in [8, 5] via anomalies, the effective gauge coupling of the r + 1 gauge groups on the Coulomb branch can be written as
where, as in (1.1), the α µ are the simple and extended roots of the ADE group G associated with the singularity. Using α µ · α µ = C µν , the extended Cartan matrix of G, the couplings in (2.3) cancel the reducible C µν trF 2 µ trF 2 ν anomaly terms found in [8, 5] . We see that, as required, all g There are also interesting new 6d theories associated with type IIA NS 5-branes at orbifold singularities, which require further understanding. For the case of K branes at a C 2 /Z M singularity, the 6d theory could be the same theory as that of M type IIB branes at a C 2 /Z K singularity (up to a decoupled tensor multiplet in the former and vector multiplet in the latter).
New theories from SO(32) branes at ALE singularities
Our next class of new 6d string theories with N = (1, 0) supersymmetry arise from SO(32) heterotic or type I 5-branes at C 2 /Γ G orbifold singularities. The low energy limit of these theories was discussed in [8, 9, 5] and also, via F-theory, in [10, 11] . The gauge group
where the nodes of the extended G Dynkin diagram have been grouped into the sets R, P, C, C discussed in detail in [5] . As in the discussion following (2.1), the overall U (1) factor in each U (v µ ) is anomalous and thus pairs with a hyper-multiplet to get a mass.
The tensor multiplet structure is related to the Coxeter box of the corresponding simply-laced group G, but modded out by a Z 2 action * which takes C ↔ C. From the analysis in [9, 5] , the result is that the tensor multiplets for a C 2 /Γ G singularity live in the
The operation in (3.2) is the same modding out which appeared in the description of [12, 13] for obtaining composite gauge invariance with non-simply-laced gauge groups.
Although it is outside of the focus of this work, we note that the hyper-Kahler quotient construction of [8, 5] for the moduli space of SO(N ) instantons on ALE spaces suggests an interesting analog of the results of Nakajima. Briefly put, Nakajima [14] showed that G N affine Lie algebras arise in analyzing the moduli space of U (N ) instantons on C 2 /Γ G .
Similarly, we expect H N affine Lie algebras to arise in analyzing the moduli space of SO(N )
. The results of [14] find physical application, for example in [15] , in showing that simply-laced composite gauge invariance is properly represented on massive modes. The conjectured appearance of H N affine Lie algebras could find similar application in compactifications with non-simply-laced composite gauge invariance.
Other 6d theories can be obtained by making use of the fact, as in [7] , that the gauge group of the heterotic or type I theory is actually Spin(32)/Z 2 . The low-energy limit of these string theories in the case of C 2 /Z 2P singularities was discussed in [8] , where it was (sloppily) referred to as the case without vector structure. The result is a theory based on the "type I5 quiver diagrams" of [6] , with gauge group
and tensor multiplets which live in the Coxeter box, of size M 2 s , of Sp(P − 1). For the simplest example, C 2 /Z 2 , the low energy theory is SU (2K) with two matter fields in the and sixteen in the and no tensor multiplet.
New theories from E 8 × E 8 branes at orbifold singularities
Our next class of new 6d string theories with N = (1, 0) supersymmetry arise via E 8 × E 8 5-branes at orbifold singularities in the g s → 0 with M s fixed limit. The gauge group and number of tensor multiplets associated with point-like E 8 instantons at ADE orbifold singularities was obtained via F-theory in [11] . We take this opportunity to briefly spell out the massless matter content of these theories, which we determine from the results of [11] combined with anomaly considerations, as it was not presented in [11] . First, the irreducible trF 4 gauge anomalies must vanish; remaining reducible anomalies must then be canceled by coupling to the tensor multiplets. In addition, as discussed in [16] , a π 6 anomaly restricts SU (2) to have n 2 = 4 mod 6, SU (3) to have n 3 = 0 mod 6, and G 2 to have n 7 = 1 mod 3. A further general condition is
where n H is the total number of hyper-multiplets, n V is the total number of vector multiplets, n T is the number of tensor multiplets, K is the number of small instantons or five-branes, and r ≡rankG is the number of ALE blowing-up modes. The condition (4.1)
is a 6d analog of a 't Hooft anomaly matching condition for the gravitational anomaly.
The theory (e) for K E 8 × E 8 five-branes and no singularity has a Coulomb branch with n T = K tensor multiplets and no vector-multiplet gauge group. Putting the K 5-branes at a C 2 /Z M singularity, with K ≥ 2M , the result of [11] is that there is a Coulomb branch, again with n T = K tensor multiplets, but with new gauge fields, with gauge group
The massless matter content consists of bi-fundamentals charged under each neighboring pair of gauge groups in (4.2) as well as an extra fundamental flavor for each of the two SU (2)s at the ends and for each of the two SU (M )s at the end of the string of SU (M )s.
As remarked in [11] , the gauge group in (4.2) agrees (up to replacing the SU (n) with U (n)) with that of [17, 18] which is mirror dual in three dimensions to U (M ) gauge theory with K flavors; the above hyper-multiplet content also agrees with that of [17, 18] . The theory with this gauge group and matter content is properly free of gauge anomalies (making use of couplings to K − 3 of the tensor multiplets to cancel the reducible gauge anomalies).
The theory with the above gauge group and matter content properly has a K + M − 1 dimensional Higgs branch, with the gauge group generically completely broken. M − 1 of the Higgs-branch moduli correspond to the blowing-up modes of the C 2 /Z M orbifold. The remaining K dimensions is the K-fold symmetric product of the ALE space with those M − 1 moduli, corresponding to the locations of the K identical, point-like instantons on the ALE space. For generic values of these moduli, the 5-branes are away from any singularity and there are no vector-multiplets; the gauge symmetry (4.2) is unHiggsed when the moduli are tuned, corresponding to putting the 5-branes on the singularity.
For K = 6 five-branes at a G = D 4 singularity, the result of [11] is that the gauge group is SU (2)×G 2 ×SU (2) with n T = 6 tensor multiplets. The matter content is determined by anomaly considerations to be corresponds to smoothing the D 4 singularity to an A 2 singularity.
For K ≥ 7 five-branes at a G = D 4 singularity, the result of [11] is gauge group For E 6 , the result of [11] is n T = 4K − 22, with gauge group
The matter content is determined by anomaly considerations to consist, as above, of the minimal SU (2) × G 2 matter For K ≥ 10 five-branes at a E 7 singularity, the result of [11] 
K−10 with n T = 6K − 40. Each SU (2) × G 2 factor has the minimal matter appearing above. Each SU (2) × SO(7) × SU (2) × E 7 factor has
. There is no other matter. For K ≥ 10 five-branes at a E 8 singularity, the result of [11] is gauge group
2K−16 with n T = 12K − 96. Each SU (2) × G 2 factor has the minimal matter content appearing above and there is no other matter.
The result of [11] for K = 2m + 6 five-branes at a D m+4 singularity is n T = 2K − 6 and gauge group
five-branes at a D m+1 singularity, [11] again find n T = 2K −6 and, in addition to the gauge
For m > 1, we were not able to find a solution for matter content which is compatible with anomaly considerations and these gauge groups, though perhaps one does exist 2 .
2 Note added (in revised version, 9/3/97): There is a slight modification of the above gauge groups for which there is a matter content which is nicely compatible with all of the anomaly considerations. For K = 2m + 6 five-branes at a D m+4 singularity, with n T = 2K − 6 as in [11] ,
Compactification and T duality
It is natural to expect that, upon compactification on a circle, the new theories associated with five-branes at singularities are related by T duality, generalizing that of [1] between (iia) ↔ (iib) and (o) ↔ (e). As in [1] , this can be put to a simple test.
Upon compactifying on a circle, both the Cartan of the 6d gauge group and the 6d tensor multiplets lead to 5d U (1) gauge fields with scalar moduli. The number of 5d scalar moduli is thus r V + n T , where r V is the rank of the 6d vector multiplet gauge group and n T is the number of 6d tensor multiplets. Two 6d theories related by T duality must thus have r V + n T = r V + n T . More precisely, tensor multiplets in 6d have a compact "Coulomb branch," with the scalar moduli living on a box of size M T dual theories must satisfy the stronger conditions r V = n T and n T = r V .
This can be thought of as a reason why, as we have seen, the Coulomb branch of 6d tensor multiplets is the Coxeter box of a non-Abelian group. Compactifying on a circle, there should be a T dual theory where these moduli do arise from a gauge theory with that gauge group.
For example, the vector multiplets of the (iia) theory compactified on a circle of radius R and the tensor multiplets of the (iib) theory compactified on a circle of radius
. The matter content which satisfies all of the anomaly equations is given by the minimal under each neighboring Sp(k) × SO(2k + 9). In addition, the middle SO(2m + 7) gauge group has a hypermultiplet in the 2m + 7 which is uncharged under the other gauge groups. For the cases m = 2, 3, where the gauge group agrees with that of [11] (as Sp(1) ∼ = SO(3) and Sp(2) ∼ = SO (5) The theories associated with SO(32) and E 8 × E 8 branes at C 2 /Γ G singularities do satisfy the condition r V + n T = r V + n T . Indeed, as also noted in [19] , in both cases,
is the dual Coxeter number of the ADE group G and |G| is its dimension 3 . On the other hand, the two theories do not satisfy the stronger conditions r V = n T and n T = r V . It is not presently known how this failure should be interpreted or resolved.
Matrix Model Applications of the Theories.
Following [20] , it was suggested in [21] that a M(atrix) description of M theory on 
corresponding to the location of K identical zero branes in the light-cone X G × R 5 . We propose a slight variant of this conjecture.
, it is expected 5 that a definition of this theory is given by compactifying the new 6d theory of sect. 2 on a T 5 . As 3 As also noted in [19] , this agrees with the dimension (in hyper-multiplet units) of the moduli space of K G instantons on K3. Duality between the heterotic theory on T 3 and M theory on K3 suggests that the quantum-corrected Coulomb branch for the theory compactified to 3d on a T 3 actually is the moduli space of K G instantons on K3. Similarly, compactifying the theory of sect. 2 associated with type II branes at orbifold singularities, the dimension of the Coulomb branch is C 2 (G)K. Duality between type II on a T 3 and M theory on T 4 suggests that the quantum-corrected Coulomb branch for the theory compactified to 3d on a T 3 is the moduli space of K G instantons on T 4 . 4 This is the moduli space for generic Higgs expectation values. There is a larger Coulomb branch, of dimension 5KC 2 (G), at the origin.
5 I thank N. Seiberg for suggesting this.
in [1] , there are 25 compactification parameters living in SO(5, 5, Z)\SO(5, 5)/(SO(5) × SO(5)). Taking a rectangular torus with no B field, T 5 is related to T 5 as in [1] , by:
where R is the radius of the longitudinal direction and l p is the eleven-dimensional Plancklength. Indeed, this gives the correct light-cone X G × T 5 space-time from the moduli space of vacua (subject to the same discussion about the situation at the quantum level as in [22, 1] ).
In the limit of large T 5 , this reduces to a slight variant of the suggestion of [21] outlined above. The massless gauge group of the 6d theory is given by (2.2) rather than r µ=0 U (v µ ); in addition, there are the n T = r tensor multiplets. Upon compactification, the tensor multiplets yield U (1) r gauge fields, the same number which became massive because of the anomaly. It is thus tempting to conclude that, upon compactification, the tensor multiplets simply give back the same U (1) factors which became massive in 6d because of the anomaly, giving back the original µ U (Kn µ ) theory in lower dimensions.
However, this does not seem to be the case. The difference is that the matter fields 1 2 ⊕ r µν=0 a µν ( µ , ν ) were charged under the U (1) r which became massive because of the 6d anomaly. On the other hand, these matter fields are neutral under the U (1) r which the tensor multiplets give back upon compactification; the new U (1) r has no charged matter.
Taking the limit of large T 5 in (6.1) thus yields a slight variant of the gauge theory of [21] .
Following [1] , we similarly expect that the 6d string theory from SO(32) or E 8 × E 8 heterotic five-branes at a X G singularity, when compactified on 
